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Let c(O) denote the number of cycles of a permutation 0 of n letters, and let 
Tr(0) = n -- c(O). A t-involution is a product of t disjoint transpositions. Let 
k> 2, n> 2t. 
THEOREM. 0 is the product of k t-involutions if  and only i f  kt = Tr(0) + 2r 
for some nonnegative integer . 
(For k = 2 one more condition is needed; see [2].) As a corollary, the least 
power of a class of an involution with at least one fixed point that covers the 
alternating group is determined. 
1. Let 2t ~ n. S(n) denotes the symmetric group on n letters. 
A permutat ion ~b ~ S(n) is a t-involution i f  it is the disjoint product  of  
t transposit ions. I f t is odd, any transposit ion is a product  of  three 
t-involutions, so any permutat ion is a product  of  t-involutions. 
I f  t is even, 0 < t, then any 2-involution is a product  of  two t-involutions. 
Hence i f  5 ~< n, any even permutat ion is a product  of t-involutions. 
Note also that in this case any product  of  t- involutions is even. 
Assume now that 0 is a product  of  t-involutions. Let k(O, t) denote the 
length of  the least such product,  and c(O) the number of  cycles of  0. The 
identity (m, 1)(m - -  1, 1) ... (2, 1) = (1,..., m) presents a cycle of  length m 
as a product  of  m - -  1 transposit ions, o 0 is a product  of  Tr(0) = n --  c(O) 
transposit ions. This shows that 
(1) k(O, 1) ~< Tr(0). 
Since 0 is a product  of  t 9 k(O, t) transposit ions, we also have 
(2) k(O, 1) = t " k(O, t) (mod 2) 
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and (for t ~ 1): 
(3) k(O, 1) ~ t . k(O, t). 
Assume that 0 ~ S(n), k(O, t) ~ 3, and 2t < n. F rom Theorem 1 of this 
note one obtains: 
COROLLARY 1. k(O, 1) = Tr(0). 
COROLLARY 2. k(O, t) is the smallest integer k satisfying (2) and (3), i.e., 
(by Corollary 1): 
(i) Tr(0) ~ kt (mod 2), 
(ii) Tr(0) ~< kt. 
Corollary 1 is very old and has been discovered several times. One recent 
reference is [1]. 
We note that if k(0, t) = 1 then 0 is a t-involution, so Tr(0) ---- k(O, t) = t. 
The pairs (0, t) with k(O, t) = 2 were determined (in a different erminology) 
in [2]. It  turns out that k(O, t) ~ 2 iff 0 ~ Tr(0) ~ 2t (rood2) and 
Tr(0) <~ 2t ~ Tr(0), where 0 is a permutat ion satisfying: For  j > 1, 
0 has at most one j-cycle, and it has one iff 0 has an odd number of cycles 
of length j. 
2. Let i, t, k be nonnegative integers, 0 < i, and let n ---- i + 2t. For 
0 ~ S(n) let Qk(O, t) iff 0 is a product if k t-involutions. 
Corol lary 2 of [3] states: 
THEOREM 0. Let 0 < i, n = i + 2t, 0 ~ S(n). Then Qa(O, t) i f  and only 
i f  3t = Tr(0) + 2r for some nonnegative integer . 
We generalize it here as follows. 
THEOREM 1. Let 3 <~ k, 0 < i, n -~ i + 2t, 0 ~ S(n). Then Qk(O, t) if 
and only i f  kt = Tr(0) + 2r for some nonnegative integer r. 
Proof of Theorem 1. We proceed by induction on k. For  k = 3 this is 
Theorem 0, so assume k > 3, and that the theorem holds for k --  1. 
I. The condition is necessary. Assume Qk(O, t) and let 0 = ~b 1 ".. r  
where Cj is a t-involution for j = 1 ..... k. Since 0 is a product of k 9 t 
transpositions, we have 
(1) Tr(0) ~ k"  t (mod 2). 
Let ff = O. ~bk. Then ~ ----- ~b t . . .  Ck--1 SO Qk--l(r t). By the induction 
hypothesis, 
(2) Tr(r ~< (k - -  1)t. 
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Since 0 = q~bk and ~bk is a product of t transpositions, c(~) ~ c(O) q- t 
(see, e.g., [3, Proposit ion 2.3]), so by definition of Tr(0) and (2), 
(3) Tr(0) ~< Tr(r + t <~ kt. 
By (1) and (3), kt = Tr(0) q- 2r for some nonnegative integer r. 
II. The condition is sufficient. Assume Tr (0 )~ kt (mod2)  and 
Tr(0) ~< kt. I f  i <~ c(O) then we have Qk(O, t) by [3, Corollary 4], so assume 
c(O) < i. By [3, Proposit ion 3.1], we can pick a t-involution ~b so that 
= O~b satisfies 
c(r = e(O) q- t. 
Thus Tr(r = Tr(0) - -  t ~< (k --  1)t and Tr(r  --~ Tr(0) q- t :-- kt q- t :-- 
(k --  1)t (mod 2). So by the induction hypothesis, Qk-l(~, t). Thus, by 
0 = r Qk(O, t). 
3. For  an integer m let p(m) = 0 if m is even and p(m) = 1 
otherwise. Let p(O) ~ p(Tr(0)) and for ~ = 0, 1: 
S'(n) = {0 e S(n): p(O) = e}. 
(Thus, S~ is just the alternating roup on n letters.) Let 
k(e, n, t) = max{k(0, t): 0 e S'(n)}. 
Thus, k(e, n, t) is the smallest k such that any 0 e S~(n) is a product of k 
t-involutions. The following corollary of Theorem 1 answers a question 
of Bertram. 
THEOREM 2. Let n > 3, 0 < t < 89 Then k(E, n, t) is the least integer k
satisfying p(kt)  = ~ and n -- 3 ~ kt, where 3 = 2 -- p(p(~) q- p(n)). 
Proof  By n > 3, k(e, n, t) > 2 (see, e.g., [3, Theorem 2.0]). Theorem 2 
follows f rom Theorem 1 and 
n - -  3 = max{Tr(0): 0 ~ S'(n)}. 
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